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A presentation is made of new ideas in the theory of thermodynamic similarity which indicate that, in-
stead of the critical point as a reference point for similarity, we may take any other point on the Boyle
curve that is far enough from the ideal gas state.

Gases are called thermodynamically similar which, in some system of dimensionless coordinates = = pipy, T=
= T/Ty, o = 0/p, satisfy the single equation of state

= = f (0, T). 1)

We call the point with coordinates pg, py, Ty, used in forming the dimensionless coordinates =, 1, w, the reference
point. For any one gas this point may be chosen arbitrarily, but it must have density p appreciably different from zero.
We may determine the coordinates of this point by making use of a theorem which is valid for corresponding states of
similar gases, in which any two of the coordinates are equal to one another. Assuming that f in (1) is a one-to-one func-

tion, it may be shown immediately that the dimensionless quantities of the type L (—(?E_) s . dp have
p \dT /], | p o r

identical values in corresponding states of similar gases. In order to establish the validity of this theorem for the dimen-
sionless quantity Z = p/RpT, we must first prove that its particular value Zy = po/Rp,Ty, formed from the coordi-

nates of the reference point, must be identical in thermodynamically similar gases. With this aim, by dividing both
sides of (1) by wr, we obtain

= 1
——=—f (0, 7) =¢(v, 1), (la)
ot ®T
where, according to the definition, ¢(w, 7) is the same function for gases satisfying the similarity.

Replacing the dimensionless parameters =, o, T on the left of (1a) by the coordinates in terms of which they were
defined, we obtain
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When w— 0, with Z =1, we have
1/Zy = @ (0, ).

According to (1a), ﬂO, 7) must be identical for similar gases, which is possible only under the condition

Z = po/R {10 TO = idem. (3)

Then from (2) it follows, in general, that in corresponding states of simitar gases the quantities Z, as well as any other
dimensionless quantities of one designation, coincide.

It is clear from what has been said, that at the similarity reference point, and in any corresponding states of the
gases, the statement about the coincidence of values of dimensionless quantities of one designation is valid, which also
solves the problem of determining the reference point. Since the states of gases and of gas mixtures of constant composi-
tion are determined by two independent parameters, the coordinates of the reference point may be determined, if re-
quired, so that the values of any two dimensionless quantities of different designations will be respectively identical in
the different gases.

If we take Z as one such dimensionless quantity, the coordinates of the reference point will be determined most
simply by taking the quantity 0 59— ;2 the second, since there is a temperature region in the gas where this Quantity
goes to zero. Therefore the second equation for determining the coordinates of the reference point will be

p(—gi) = idem = 0, (4)
pJr
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i.e., the similarity reference points should be chosen on the Boyle curves of the gases at a fixed value of Z.

It is easy to show that the choice of the critical point as a reference point is also based on the fact that at this point
two dimensionless quantities have respectively the same (zero) values for different gases; this may easily be verified by
writing the critical condirions in the form

2 (ﬁ)—) = idem = 0,
p\Ov /r
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p \ o

(2)
) = jdem = 0,
T

However, there are real differences between the new conditions (3) and (4) and the critical conditions. Conditions
(3) and (4) serve immediately to determine the coordinates of the reference point from experimental data, while condi-
tion (&) is unsuitable and is not used in practice for the determination of the critical point on the basis of experimental
data. The latter are determined in another way, based on the fact that the critical point describes a limiting case of co-
existence of the gaseous and liquid phases, when their additive properties coincide. This means that the critical points
of gases are congruent according to purely physical considerations, since they describe identical thermodynamic states,
satisfying the limiting case of co-existence of phases. Moreover, condition (3) is not satisfied as a similarity reference
point at the critical point, since the critical values of the gases do not agree among themselves. The dimensionless quan-
Tiop
tity ? ET) is also not the same at the critical point of different gases. This is more evidence of the fact that real
gases do not fully satisfy the requirements of similarity.

Evidently, the choice of a new reference point in place of the critical point cannot change the theorem relating
to the similarity of real gases in any appreciable way. However, some deterioration may occur in the degree to which

similarity is satisfied, in going from the critical point to the new similarity reference point, because the critical point
does not satisfy one of the real requirements of similarity, that expressed by condition (3).

In fact, if we comstruct surfaces of state from experimental data on two gases with different critical values, with
the help of the parameters n*, ¥, ¥, referred to the critical point, we obtain the following:

a) in constructing the group */@*t* as a function of w* and r* for these gases, the critical points will coincide,
but the regions of ideal gas state will not coincide, since as w approaches zero the group */w*T* tends to the inverse
of the critical value Z¢, which is not the same in these gases;

b) if we construct the group Z as a function of w® and 7%, the surfaces of state of the gases do not coincide at the
critical point, since the Zg are different for the gases, but they will coincide in the region of small w, since Z will then
tend to unity for both gases.

If we use reduced coordinates, as determined from conditions (3) and (4) with the aid of the new reference point,
the surfaces of state of the gases in the two cases a) and b) will coincide, both at the reference point, and in the region
of ideal gas states. This gives reason to believe that in the new reduced coordinates the similarity of the gases will be
more in evidence.

In a similar way, because of the lack of coincidence of the critical values of the gases, it is impossible to create
a universal equation of state in the crirical reduced parameters, to simultaneously satisfy the critical conditions of real
gases (the reference similarity point), as well as the region of w values close to zero. This is easily illustrated by the
example of the Van-der Waals equation, which we can write in the two forms

,‘..::5: _ —g* . 8 o 3 (D:S: 6
W o ZC 3 — F P ( )
and
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Equation (6) satisfies the critical point as a similarity reference point for all the gases, and does not satisfy the ideal gas
states, while (6a) does the opposite. If we determine the constants of the Van-der Waals equation, not from the critical
conditions (5), but from (3) and (4), we obtain

I—Co (1—CF =

(M
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The coordinates here of the reference point, py, T, which are concealed in the reduced parameters w* 7% depend on
the assumed value of Z on the Boyle curve, as well as on the constant C, which is given by the expression

C=<V1‘—Zo+zo_“‘l)/zo- (8)

For Zy = 0,75, 0.64, 0.51, and 0.36, the constant C is equal, respectively, to 1/8, 3/8, 7/17, and 4/9. 1t is not diffi-
cult to verify, with the help of (7) and (8), that the Van-der Waals equation in the new reduced coordinates satisfies both
the reference point of all gases, and also their regions of ideal gas states. The same thing is true for any equation of state
in the new reduced coordinates.

This does not define the significance, however, of the new method of choosing the coordinates of the reference
point in investigations of thermodynamic similarity. The importance of the new method lies in the fact that it allows
us to investigate, by the method of thermodynamic similarity, not only individual, chemically pure substances, but
also mixtures of gases, which was completely impossible on the old basis.

In fact, it is well known that mixtures of gases of constant composition behave qualitatively in the homogeneous
region like individual substances, and this is expressed in the fact that the sections of surfaces of constant state of non-
reacting gas mixtures do not differ qualitatively from the similar section of the surfaces of state of the individual sub-
stances. This offers a basis for investigation of gas mixtures from the viewpoint of similarity of their components, as
well as for checking the similarity of unlike gas mixtures. However, this kind of investigation cannot be conducted if
the critical point is taken as a similarity reference point, since there is no state for the mixtures of gases which corre-
sponds to the critical state of the pure substances. In addition, taking into account the complexity of experimental in-
vestigation of properties of gas mixtures, due to the large volume of experiment required— increasing very rapidly with
increase of the number of components of the mixture—the investigation of gas mixtures by the method of thermodynamic
similarity acquires considerably greater importance than the investigation of pure substances.

In order to conduct an actual verification of a question connected with the similarity of a mixture of gases and its
components, we shall examine the specific example of a binary mixture, and shall illustrate, at the same time, the
technique of investigation, based on the new ideas about the similarity reference point. A methane-butane mixture was
taken as the case under examination, there being experimental data for three compositions {1, 2]. From the available
data for this mixture it was found that the Boyle curves for the different compositions start with Z values of the order of
‘0. 58, and so the reference point was chosen with the somewhat larger value of Z, = 0. 634, to which correspond the ref-
erence point coordinates:

for methane Toy = 1.3, T5=247.7°K, 9o = 10.643 kmole /m?,

3

for n-butane Toa = 573.7° K, pgs = 4.080 kmole /m?.

For a methane-butane mixture with molar composition of x = 0.396 of butane, the reference point coordinates proved to
be Ty = 439.6, py=5.41 kmole/m?®. From the reference point coordinates found for methane and n-butane, their equa-
tions of state, as constructed in [6], were transformed to the dimensionless form Z — f('c, o).

The experimental data for the methane-butane mixture have been represented, by graphical processing, in terms
of their isotherms for spherical values of w = p/py = p/5.41 (Table 1). At the temperature T = 477.5° K, corresponding
to the reduced temperature, 7 = 1.086. For this same reduced temperature, and for these w, we calculated the values
of Z) and Z, from the equations of state for methane and n-butane. It may be seen from the table that the similarity ob-
served between the mixture and the components is not less than that between the components themselves. With w=1.3
(the reduced density according to the new reference point does not differ much from that at the critical point) noticeable
deviations from similarity are observed between the components, and the mixture also gives large deviations from simi-
larity. An analogous picture is observed at the isotherms 410.9, 444.2° K of this mixture with the same mole composi-
tion x = 0,396, as well as for the two other compositions of methane-butane mixture, at all the temperatures for which
experimental data exist.

In Table 2 the same comparison is made for one isotherm of a methane-ethane mixture, according to the experi-
mental data of [3, 4, 5].

The coordinates of the reference point of ethane were found to be T, = 392.1, pye = 7.31 kmole/m®, while
the coordinates for the mixture with x = 0.507 of methane proved to be Ty = 325° K, p, = 8.68 kmole/m?>.

A comparison is made in Table 2 for the isotherm T = 310.94° K, which corresponds to the value 7= 0.957, It is
seen from Table 2 that even better similarity between the mixture and methane is observed than in the first case above,
in spite of the fact that the components themselves do not satisfy similarity well. Investigations were also made for other
binary mixtures, and in general the picture obtained is similar to that represented in Tables 1 and 2.
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This is evidence of the fact that the investigation of gas mixtures by the method of thermodynamic similarity
holds out promise. If we restrict ourselves to binary mixtures, it may be assumed that the description of the behavior
of binary mixtures, over a considerable range of change of densities, on the basis of only the single equations of the
components, reduces in the main to the problem of determining, in general form, the dependence of the reference
point temperature of the mixture, Ty, on the temperatures Ty and Ty, of the components and on the molar composi-
tion, and the similar dependence for the reference point density p of the mixture.

Table 1

Comparison of the values of Z in the corre-
sponding states, for methane, n-butane, and
the mixture (x = 0.396 of methane, 7 =1, 086).

SR e
< mE><gmo

methane | butane | mixture
© Z Z, z
0.1 0.9336 0.9316 0.931
0.2 0.8743 0.8710 0.870
0.3 0.8157 0.8182 0.816
0.4 0.7762 0.7730 0.772
0.5 0.7374 0.7352 0.733
0.6 0.7052 0.7043 0.702
0.7 0.6798 0.6800 0.678
0.8 0.6614 0.6624 0.661
0.9 0.6505 0.6517 0.651
1.0 0.6476 0.6486 0.647
1.1 0.6537 0.6543 0.652
1.2 0.6704 0.6707 0.667
1.3 0.6993 0.7007 0.690
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Table 2

Comparison of values of Z in corresponding
states of methane, ethane, and their mix-

ture (x =0.507 of methane, 7= 0.957).
methane | ethane | mixture
@ Zy Z, z

0.1 0.9411 0.9350 0.942
0.2 0.8866 0.8753 0.884
0.3 0.8367 0.8204 0.834
0.4 0.7913 0.7713 0.788
0.5 0.7503 0.7271 0.746
0.6 0.7137 0.6880 0.710
0.7 0.6819 0.6536 0.680
0.8 0.6534 0.6249 0.652
0.9 0.6296 0.6130 0.629
1.0 0.610! 0.5676 0.612
1.1 0.5938 0.5654 0.595
1.2 0.5829 0.5556 0.584
1.3 0.5788 0.5531 0.576

A. Beattie, Stockmayer, and Ingersoll, J. Chem. Phys., 9, 871, 1941.
. H. Reamer, K. I. Korpi, B. H. Sage, and W. H. Lacey, Ind. Eng. Chem., 39, 206, 1947.
. Berry and B. H. Sage, Chem. Eng. Data, 3, 52, 1958.
. Michels and Nederbragt, Physica, 6, 656, 1939. '

H. Sage and W. H. Lacey, Ind. Eng. Chem., 31, 1947, 1939.
. A. Zagoruchenko, Nefti gaz, no. 4, 1964.

Institute of Naval Engineering, Odessa

241



